Abstract. We describe a tracer in a bath of soft Brownian colloids by a particle coupled to the density field of the other bath particles. From the Dean equation, we derive an exact equation for the evolution of the whole system, and show that the density field evolution can be linearized in the limit of a dense bath. This linearized Dean equation with a tracer taken apart is validated by the reproduction of previous results on the mean-field liquid structure and transport properties. Then, the tracer is submitted to an external force and we compute the density profile around it, its mobility and its diffusion coefficient. Our results exhibit effects such as bias enhanced diffusion that are very similar to those observed in the opposite limit of a hard core lattice gas, indicating the robustness of these effects. Our predictions are successfully tested against molecular dynamics simulations.
Introduction
Transport in a crowded environment is an issue particularly relevant to cell biology, where the crowding inside the cytoplasm can strongly affect the molecular diffusion [1, 2, 3, 4] and thus hinder reactivity. This effect is also present in the plasma membrane, where the high protein concentration may slow down diffusion [5] . The transport properties of these media can be measured globally, using for example fluorescence recovery after photobleaching [6] or fluorescence correlation microscopy [4] , or locally, with single particle tracking [3] .
Conversely, the observation of the motion of a probe is used in microrheology to investigate the properties of such complex fluids [7, 8] . In passive microrheology, the probe diffuses freely or oscillates in the parabolic well created by optical or magnetic tweezers and the measurement of its diffusion coefficient is used to determine, via the Stokes-Einstein relation, the solvent viscosity [9] . The probe can also be pulled by tweezers and the drag force is measured: this is active microrheology. However, when the size of the probe becomes comparable to the size of the complex fluid constituents, its motion is no longer a pure Brownian motion and is thus harder to analyse. This is one of the reasons why there is no straightforward relation between microrheology and macrorheology measurements [9] . Some theoretical studies have addressed the motion of the probe in complex fluids [10, 11, 12] , but they are limited to an hydrodynamic description of the complex fluid or to dilute colloidal suspensions.
It has been proposed to model dense colloidal assemblies by a gas of hard core particles on a lattice [13, 14, 15, 16] . These studies focused on the motion of a tracer submitted to an external bias and computed its diffusion coefficient and the probability density function of its position. They exhibited unexpected effects such as bias enhanced diffusion coefficient or even super-diffusion in a very dense environment.
Here, we consider the opposite limit of soft colloids, where we address the effective mobility and diffusion coefficient of a tracer submitted to an external force (cf. Figure 1 ). Soft colloids can be polymer coils, that interact with an effective potential that is close to a Gaussian [17] or disordered proteins, such as the α-synuclein [18] . Colloids or macromolecules motion in a solvent is well captured by an overdamped Figure 1 . (Colour online) Colloidal solution where a tracer (red particle) is pulled by an external force f . The soft colloids may represent polymer coils, the size of the colloids being the gyration radius Rg of the polymer (top left).
Langevin equation [2] . Transport in such system has been addressed by various tools, such as mode-coupling theory [19, 20] or direct perturbative analysis [21] . In this work, we pursue a perturbative treatment of the intermolecular interaction, that is relevant when the molecules are soft, i.e. when the pair interaction is weak.
The overall density of a system of Langevin particles evolves according to the Dean equation [22] . In order to resolve the tracer dynamics, we treat it separately and gather the other particles in a partial density field: two coupled evolution equations rule the whole system. At high density, we show that the density field evolution can be approximated by a much simpler linear equation. The final set of equations allows to reproduce easily former results such as the pair correlation function in liquids under the mean-field approximation [23] or the effective diffusion coefficient of the tracer without any external forcing [21] . Then we investigate the effect of an external forcing on the tracer and get analytical expressions for the average density around the tracer and the tracer effective mobility and diffusion coefficient. We show that they are qualitatively strikingly close to those computed for a tracer pulled in a hard core lattice gas. Notably, we find a critical force above which the diffusion is enhanced and the same decaying exponent for the density perturbation behind the tracer.
This article is organized as follows. The model is defined with the observables we focus on in section 2. The linearized Dean equation with the tracer taken apart (LDT) is derived in section 3. The LDT is applied to a tracer in the absence of an external force in section 4 and previous results are recovered. In section 5, we apply the LDT to a tracer submitted to an external force and compute the density profile around it, its effective mobility and its effective diffusion coefficient. These results are compared to molecular dynamics simulations in section 6. We conclude in section 7.
Model
We consider N + 1 Brownian particles interacting via the pair potential V (x) and located at x i in a d-dimensional space; the unit of length is the particle size and the unit of energy is the characteristic energy of the interaction. Moreover, an external force f is applied to the tracer, identified by i = 0. The motion of each particle follows an overdamped Langevin dynamics:
where η i (t) is a Gaussian white noise with correlation function
and T stands for the thermal energy in units of the pair potential characteristic energy. First, we are interested in the density field of all the particles but the tracer, that is defined by
Note that the sum does not include the tracer. More precisely, we look at the average density field in the reference frame of the tracer:
The superscript * represents the reference frame of the tracer and the time dependence has been removed since we focus on the stationary state. We define the origin of the coordinate system so that
Then, we want to compute two observables describing the particle dynamical properties. The first observable we are interested in is the tracer effective mobility κ eff , defined by
and the second is its effective diffusion coefficient D eff , defined by
In the absence of interaction with the other particles, the tracer undergoes a biased Brownian motion of bare mobility κ x = 1 and bare diffusion coefficient D x = T , independently of the bias.
Linearized Dean equation

Derivation
We want to describe the evolution of the N + 1 particles as the evolution of the tracer x 0 (t) coupled to the density field ρ(x, t) of the other particles. The Dean equation [22] gives the evolution of the total density ρ tot (x, t) = δ(x−x 0 (t))+ρ(x, t), but it appears in its proof that the tracer can be extracted to get the evolution equation of the partial density ρ(x, t) (see Appendix A for more details):
the star * denotes the convolution and ξ is a Gaussian white noise with correlation function
The Langevin equation (1) for the tracer can be rewritten with the density field ρ(x, t):
The noise is the one appearing in Eq. (1), η(t) = η 0 (t). Equations (8-10) are exact. However, the density evolution (8) is non linear and contains a multiplicative noise; we show that it can be linearized if the bath is dense. We write the density created by the N particles as the sum of a constant uniform term and a fluctuating term:
The uniform density is ρ 0 = N/V, V being the volume of the system. Our computations are done in the limit of an infinite system size, with ρ 0 kept constant. We also define the rescaled interaction potential as
The evolution of the density fluctuations φ(x, t) reads
where δ x0 is the Dirac delta function centered at x 0 . The quadratic terms in the field φ and the multiplicative noise are negligible when ρ −1/2 0 φ 1. In this case the equation for the density fluctuations reduces to
The density deviations from the average density ρ 0 come from the presence of the tracer and from the thermal fluctuations (represented respectively by the third and fourth terms in (14)). From this linear equation, these contributions can be evaluated: the effect of the tracer on the density fluctuations is of order φ tr ∼ ρ 
The tracer equation of motion is given by (10):
The set of equations (14, 16) , with the noises correlation functions (2, 9) , forms the linearized Dean equation with a tracer (LDT) and is a first result of our approach.
We repeat these equations below for clarity:
where the noises have the following correlation functions
Note that without the tracer taken apart, Eq. (14) can be written
This evolution is linear and free of multiplicative noise; we show later that it allows to recover mean-field results for the density two-point correlation function.
Link to a more general formalism
The situation of a tracer interacting with a fluctuating field is ubiquitous and arises also, for example, when a diffusing membrane protein is coupled to the membrane curvature [24, 25, 26, 27] . For this reason, a framework has been developed for this kind of systems [28, 29] , allowing to derive very general results for the drag force felt by a tracer pulled at constant velocity [28, 30] or the effective diffusion coefficient of a free tracer [29, 31] . We adopt the following strategy: first, we cast the linearized Dean equation with a tracer in this general formalism. This allows us to apply previous results to the tracer in a colloidal bath without an external force, that is done in the next section. Second, we extend the general formalism [29] to cover the case of a tracer biased by an external force. Finally, we apply the general results to a tracer pulled in a bath of soft spheres. The general equations describing the evolution of a particle interacting with a fluctuating field read [28, 29] 
where K, R and ∆ are functional operators and the Gaussian white noises η(t) and ξ(x, t) obey
The notations used for functional operators are defined in Appendix B. The mapping between the general formalism and the LDT (17) (18) (19) (20) is given in Fourier space by:
Here, we perform computations perturbatively in the coupling constant h; this is also the case of some former studies [29, 31] . It is clear from (22) (23) that the coupling strength is set by hK ∼ ρ 1/2 0 V instead of h itself. This coupling should then be compared to the thermal energy, so that the perturbative computation is valid when
For the perturbative computations to be valid together with the LDT (see Eq. (15)), the pair interaction should be small and bounded, V /T 1, meaning that the particles are soft: they can overlap completely at a finite energy cost. We restrict ourselves to this case from now on. An example of soft particles is given by polymer coils, whose effective pair potential is almost Gaussian [17] .
Note that we consider here that the tracer is equivalent to the other particles, but it can also be different, representing for instance a hard sphere driven through soft polymer coils [11] . This difference is easily integrated in the general formalism: if U (x) is the interaction potential between the tracer and the bath particles, Eq. (29) is replaced byK
Effective tracer evolution equation
We show that an effective, non-Markovian, evolution equation can be written for the tracer. The field evolution equation (23) is linear and can be integrated:
The lower integration bound t 0 = −∞ signifies that the system has forgotten its initial configuration and can be considered in a stationary state. Inserting this solution into the particle dynamics (22), we geṫ
where Ξ(x, t) is a Gaussian noise with correlation function
We have introduced the functions
that read in Fourier spacẽ
For a tracer in a colloidal bath, they arẽ
The equations (33, 34, 39, 40) contain all the information on the tracer dynamics in a colloidal bath: they provide the explicit generalized Langevin equation of a tracer, biased or not, in a dense bath of soft colloidal particles. This constitutes an important result of this article. The second term on the right hand side of (33) is a memory term; it represents the action of the tracer on its surrounding particles that propagates via the other particles and finally acts back on the tracer. The last term is a colored noise in time and space, coming from the white thermal noise on each particle that propagates through the bath before acting on the tracer.
Application to a colloidal bath at equilibrium
Before considering a tracer submitted to an external force in a colloidal bath, we show that the linearized Dean equation allows one to recover previous results in the physics of colloidal systems.
Pair correlation function
First, we compute the pair correlation function of the bath with the linearized Dean equation without taking the tracer apart (21); it is defined as [32] h
To compute the two-point correlation function of the field φ(x, t), we write the solution (32) without the effect of the tracer and in Fourier space:
Using the noise correlation function (25) and integrating over t , we can get the equal time two-point correlation function:
The operator∆(k) being given by the mapping (27) we obtain the pair correlation function in Fourier space,
This formula is exactly the one obtained for the pair correlation function in the meanfield approximation [33, 23] , also called random phase approximation [34] . That shows that the linearized Dean equation contains the mean-field approximation. We can also compute the average density in the reference frame of the tracer (4) without the external force f , ρ
It is not possible to solve exactly the particle and field dynamics (22, 23), we thus restrict ourselves to a perturbative computation in the coupling constant h. To determine the profile ψ(x) to the order h, we do not have to take into account the effect of the field on the particle motion, that is thus a simple Brownian motion. We average the general solution for the field φ (32); the average over the field noise gives 0, so that the profile reads in Fourier spacẽ
The index 0 on the average means that it is the average for the pure Brownian motion, without coupling between the particle and the field φ. At a given time t, the position of the particle x 0 (−t) is a Gaussian random variable of zero mean and variance 2D x t1, giving for the average
an integration over t gives the profile,
In the case of a tracer in a bath of soft particles, it is,
leading to a density correction δρ
We recover the pair correlation function (44), the only difference being the factor 2. Due to the fluctuation-dissipation theorem [32] , the pair correlation function h(x) gives the density response at x to the inclusion of a fixed particle at the origin. The density in the reference frame of the tracer is different, because the tracer diffuses. If the tracer is kept fixed when the profile is computed, the factor 2 is removed and the pair correlation function (44) is recovered.
The two results (44) and (50) ensure the relevance of the LDT (17) (18) (19) (20) to describe a dense liquid.
Diffusion coefficient of a free tracer
The effective diffusion coefficient of a free tracer (i.e. without forcing) was computed in the general case (22) (23) (24) (25) in the limit of small coupling h between the field and the tracer [29] . A one loop path integral computation gives the effective diffusion coefficient,
For a tracer in a colloidal bath, it reads
Interestingly, we recover the result of Dean and Lefèvre [21] (see Eq. (47)) for the same system but derived in a very different manner. The method used in [21] avoids the use of the Dean equation and deals directly with the perturbative computation of the probability density function of the N + 1 particles, that obeys a Fokker-Planck equation in a (N + 1) × d-dimensional space. This technique is valid for soft particles, but does not require a high density, contrarily to ours, suggesting that the LDT may be valid for moderate densities.
The compatibility of the two approaches confirms the pertinence of the LDT to describe the motion of a tracer in a colloidal bath.
Application to a tracer submitted to a constant force
We now study the out of equilibrium configuration where a constant force f is applied to the tracer and compute the stationary density profile around the tracer, the tracer effective mobility and its diffusion coefficient, perturbatively in the coupling h = ρ −1/2 0 , still assumed to be small.
Stationary field profile
It is interesting to see how the tracer affects the surrounding particle density when it moves. We only need to generalize the profile (48) obtained without applied force. Now, the bare particle motion is a biased Brownian motion and the particle position x 0 (t) is a random Gaussian variable with mean f t and variance 2D x t1. The analog of (47) is now
leading to the profile in Fourier spacẽ
In the case of a tracer in a bath of soft particles, it is The full real space profile cannot be obtained analytically, but the Fourier transform can be performed numerically. Examples for Gaussian spheres (V (x) = exp −x 2 /2 ) in dimension d = 2 are given in Figure 2 .
In dimension d ≥ 2 and for non zero bias, the profile is singular in Fourier space at k = 0: the limits k → 0 and k ⊥ → 0 do not commute (these directions are defined with respect to the force f ). This may lead to an algebraic decay of the profile in real space. The algebraic terms in real space can be computed by keeping only the singular term in Fourier space, that is a functionψ sing (k) such thatψ(k) −ψ sing (k) is regular at k = 0. The singular part is not unique, but it is defined up to an additive regular part that decays faster than algebraicaly in real space. This freedom in the singular part allows us to pick a simple one that can be Fourier transformed exactly:
To Fourier transform this expression, the integration over k can be performed using the Residue theorem and it remains a second derivative of a Gaussian. We find that if x > 0, i.e. in front of the tracer, ψ sing (x) = 0. On the other hand, behind the tracer where x < 0, we obtain an algebraic decay as
This expression compares nicely to numerical inversion of the Fourier transform of the complete expression (55) for d = 2 as is shown on Figure 3 . Unexpectedly, the same algebraic decay was observed for a tracer driven through a hard core lattice gas in dimension d = 2 [13] . We see later that the correspondence between the two systems is even deeper. In dimension d = 1, the profile (55) is not singular in Fourier space: the real space profile decays faster than algebraically. This comes from the fact that we deal here with soft particles, that can cross at a finite energy cost.
Path-integral representation
The path-integral representation introduced in [29] may be extended to compute the correction to the bare mobility and diffusion coefficient to the order h 2 when an external force is applied to the tracer. The effective dynamics (33) can be mapped to a field theory [29, 35] with action
where S 0 [x, p] is the action of the bare particle,
and S int [x, p] is the action carrying the particle-field interaction,
We introduced the response field p(t), θ(t) is the Heaviside function and the index 0 for the tracer position is dropped from now on. We use the Itō convention [35] . The idea is to treat the interaction action, that is proportional to h 2 , perturbatively: we write for an observable
The index 0 in averages indicates that they are computed with the bare action S 0 [x, p].
Since the bare action is quadratic, only the two first moments are needed to compute all the averages with the Wick's theorem [36] . They can be computed using the Schwinger-Dyson equation [37] , as in [29] , and we get
We use χ A (t) as the characteristic function of the interval A and L(A) as its length.
If O j are linear observables in x and p, the Wick's theorem allows to show that
where the sum over J is the sum over all subsets of N = {1, . . . , n}.
We start with
and
so that
Together with (61), this means that the average of an observable O[x] is, to the second order in h,
To compute the mobility, we need x(t)S int [x, p] 0 ; it invokes, for t > t ,
Using the expression of the interaction action and integrating over the interaction times t and t gives the long time behavior
To compute the effective diffusion coefficient, we need [
In the long time limit, we get
These averages now allow us to compute the perturbative corrections to the bare mobility and diffusion coefficient.
Mobility
The average position is obtained by inserting the averages (62) and (74) in the perturbative expansion (71); it finally leads the mobility, defined in (6):
The correction to the bare mobility is negative and its absolute value decreases as the applied force increases. The physical interpretation is that when the force it too large, the tracer moves rapidly and the field does not have any time to respond to the presence of the tracer. Another consequence of this effect is the non-monotonic behavior of the drag force as a function of the imposed velocity [28, 30, 38] .
In the case of a tracer in a colloidal bath, the effective mobility reads
We note that the correction to the bare mobility κ x = 1 is a non monotonic function of the bath density ρ 0 .
Diffusion coefficient
The effective diffusion coefficient is defined by
From (74) the second term on the right hand side is of order h 4 , and thus does not contribute to the order h 2 . We thus need only the first term to compute the effective diffusion coefficient to the order h 2 .
In the general case, the effective diffusion coefficient reads
First, we note that without forcing (f = 0), the system is at equilibrium and the Einstein relation is satisfied:
Second, when the force is high enough, i.e. when the system is far from equilibrium, the correction to the bare diffusion coefficient D x is positive. This is a pure out of equilibrium effect, since it has been shown in [31] that the diffusion coefficient is always reduced by its interaction with the surrounding field when the system is at equilibrium. It also recalls the effect seen in [29] , where the system was driven out of equilibrium by breaking the detailed balance in its dynamics; in this case, it was also possible to observe enhanced diffusion. The effective diffusion coefficient of a tracer in a colloidal bath is
The bias enhanced diffusion was also observed for a tracer in a dense hard core lattice gas [14, 39, 16] . Similarly to the mobility, the density dependence is non trivial: the correction is linear in the density at small density, and decays as δD ∼ ρ −1 0 at high density. Strikingly, the correction can turn from positive to negative when the density increases, an effect seen in a hard core lattice gas [15] .
The correspondence between a hard core lattice gas, where the particles are very hard and their motion is severely constrained, and the soft colloids studied here, was not expected. The fact that the same effects can be observed in the two opposite limits proves their robustness.
Numerical simulations
To test our predictions, we have performed one dimensional molecular dynamics simulations of Eq. (1) for harmonic spheres, corresponding to the pair potential
Since this potential is bounded, the particles can cross and the dimension d = 1 is not singular. This is very different from hard core particles, that are singular in one dimension; in this case, the tracer would undergo single-file diffusion, characterized by a sub-diffusive behavior [40] . The ratio of the effective dynamical quantities (mobility and diffusion coefficient) over the bare ones depend on three variables: the density ρ 0 , the temperature T and the force f applied on the tracer. More precisely, the prediction for the effective mobility (79) takes the form The same relation holds for the diffusion coefficient, with a different scaling function g D . The evolution of the effective mobility with the temperature for ρ 0 /T = 5 and f /T = 1 is plotted on Figure 4 . The agreement between the theory and the simulations is excellent up to a correction of 30 % with respect to the bare value.
The dependence on the external force is shown on Figure 5 . The agreement between our perturbative computations and the simulations is very good except for the diffusion coefficient at large forces f /T 5, where our computations underestimate the diffusion coefficient. However, the diffusion enhancement at large forces is very satisfactorily captured by our analytical computation.
Last, we address the effect of the density ρ 0 at constant temperature and for different values of the force f /T , on Figure 6 for the mobility and on Figure 7 for the diffusion coefficient. The main effect is captured by our analytical results: at small forces, the diffusion coefficient is always reduced whereas at large forces, the diffusion coefficient increases at low densities. Increasing the density leads to a negative correction to the diffusion coefficient. A significant discrepancy is found at low densities for the diffusion coefficient; this is not surprising since the LDT validity condition (15) is violated in this parameter regime. The curves for the diffusion coefficient resemble strongly those obtained for a hard core lattice gas [15] (see Figure 2) , confirming the universality of this effect. We have obtained a good agreement for densities ρ 0 4 and ρ
Comparing these values to the validity conditions of the LDT (15) and the perturbative computation (30) leads us to the conclusion that these conditions are not too strict and that the results derived here are valid for a broad range of parameters.
Conclusion
We addressed the effective dynamical properties of a tracer in a bath of soft spheres. First, starting from the exact evolution equation of the overall density, namely the Dean equation, we took the tracer apart to obtain an equation describing the tracer motion in interaction with the overall density of the other particles. If the bath is dense (ρ 0 1), the evolution of the density fluctuations can be linearized. This leads to a set of equations that we called the linearized Dean equation with a tracer (LDT) (17) (18) (19) (20) , that can be cast in a very general formalism describing the motion of a tracer interacting with a fluctuating field. To prove the relevance of the LDT to describe dense liquids, we reproduced the pair correlation function of a fluid obtained by the mean-field treatment [23] . Moreover, using general results for the diffusion coefficient of a tracer interacting with a fluctuating field [29] , we recovered the tracer diffusion coefficient obtained by a completely different procedure [21] . In themselves, the LDT and the effective equation of motion for the tracer (33, 34, 39, 40) are very promising tools to study the single particle dynamics in a dense colloidal bath. Their simplicity makes them easy to adapt to various bath properties; it would for example be interesting to use them to model diffusion in the cytoplasm [3] .
In a second part, we studied the effect of a constant force applied to the tracer, that drives the system out of equilibrium. We computed the average density profile around the tracer, and, using a path-integral formalism, the effective mobility and diffusion coefficient of the tracer. Our computations are perturbative in the particles pair interaction, and are thus valid for soft particles that can easily overlap (the validity condition is given by (30)). Our main predictions are: (i) The tracer diffusion is enhanced by the application of large external forces, (ii) The corrections to the mobility and the diffusion coefficient have a non-monotonic behavior and can even change sign as a function of the bath density. These predictions have been successfully tested against molecular dynamics simulations. Surprisingly, they share many features with those derived in the opposite limit of hard core particles on a lattice: the tail of the density profile has the same exponent [13] and the dependence of the mobility and the diffusion coefficient on the applied force and the bath density are very close [15] . This qualitative agreement between results obtained for soft and hard particles suggests that the model proposed here can apply qualitatively to a wide range of parameters and proves the robustness of the observed effects.
Applying a constant force on the tracer is a way to drive the system out of equilibrium; another is to break the dynamics detailed balance, for example by reducing the effect of the tracer on its environment [26, 29] . In both cases, the tracer diffusion coefficient may be enhanced by its environment. On the other hand, it has been shown that at equilibrium the tracer diffusion coefficient is always reduced by its interaction with the environment [31] . The augmentation of the diffusion coefficient under an external force is thus a pure and generic out of equilibrium effect.
The density dependence of the corrections to the dynamical quantities is noteworthy. As can be seen on Figure 6 , the correction to the bare mobility reaches a maximum for some value (ρ 0 /T ) * of the density-temperature ratio. This effect is likely to be the dynamical counterpart of the peak observed in the spatial structure when the density is varied that has been observed in the context of the jamming of soft spheres at low temperature [41, 42] .
Finally, we give a simple way to extend our model to be able to deal with an asymmetric configuration where the tracer is different from the other particles; that would for example be relevant to microrheology [8] . As noted above, it is enough to replace the operator K(x) in (22) (23) by K(x) = −ρ 0 U (x), where U (x) is the interaction potential between the tracer and the bath particles. The effect on the results turns out to be particularly simple: one just has to replace |Ṽ (k)| 2 by |Ũ (k)| 2 in the integrand numerator of (79) and (83).
For two functions f (x) and g(x) and two operators A(x, x ) and B(x, x ), the scalar product of f and g, the action of A on f and the product of A and B are respectively defined by Such an operator is isotropic if it only depends on the distance between x and x , A(x, x ) = a (|x − x |).
We now switch to the Fourier space, with the Fourier transform defined by
A(x, x ) = e i(k·x+k ·x )Ã (k, k ) dkdk (2π) 2d , (B.6) for a function and an operator, respectively. This definition allows us to translate (B.1-B.3) into Fourier space: Moreover, if A is isotropic, its Fourier transform only depends on the norm |k|: a(k) =ã(|k|).
In this article, we do not use a different notation for the one-variable function associated to a translation-invariant operator: the number of variables indicates if we refer to the operator or to its associated function. For instance, we will usẽ ∆(k, k ) = (2π) d∆ (k)δ(k + k ).
